The work reported in this paper is part of the ongoing research on the development of suitable elastic-plastic constitutive models for multiphase materials. This paper is concerned with the application of an elastic-plastic constitutive model based on the Mró z-multi-surface kinematic hardening rule to particulate metal matrix composites (PMMCs). Details of the Mró z-based elastic-plastic constitutive model for PMMCs and its explicit implementation are presented to enhance the applicability of the model for a stress controlled simulation. Comparison between numerical predictions and experimental results is also presented for uniaxial loading and biaxial proportional and non-proportional loading paths. For the load paths tested, reasonable agreement is observed between the numerical and the experimental results.
Introduction
Particulate metal matrix composites (PMMCs) are seeing broader applications in a number of industries due to certain superior characteristics. However, the matrix (ductile material) in a PMMC component undergoes plastic deformation under complex loads. This often leads to significant loss in the component's load bearing capacity due to stress redistribution. Thus, a topic of practical application and vital interest is the prediction of their elastic-plastic behavior in terms of the properties of the constituents and their interaction when subjected to multiaxial cyclic loads. The determination of the overall elastic-plastic behavior of PMMCs is a complex problem. In an attempt to study the elastic-plastic deformation of multiphase materials under nonproportional loading, Li and Chen (1990) reformulated the Mori and Tanaka (1973) mean field theory in an incremental form. The method is aimed at application to multiphase materials in which the components exhibit different elastic-plastic material behavior under non-proportional or reverse loading. Since the Li and Chen's model (1990) is essentially a reformulation of the mean field theory in an incremental form, theoretically, it could be used to study the elastic-plastic deformation of composite materials under non-proportional monotonic and cyclic loadings. However Li and Chen only implemented and validated their model for uniaxial monotonic loading. That is the model was not validated for the case of multiaxial cyclic loading. Generally, the Li and Chen's model (1990) can be used in conjunction with any cyclic plasticity model developed for homogeneous materials to predict the composite constituents plastic strain components.
Inelastic constitutive models for homogeneous metals subjected to cyclic loads (cyclic plasticity models) are still evolving and a variety of models have been developed and adequately verified to predict the behavior of homogeneous material. These include the Prager model (1957) , Ziegler model (1959) , Mró z model (1967) , the Armstrong and Frederick model (1966) modified by Chaboche et al. (1979) , and the endochronic theory of plasticity (Valanis, 1971 (Valanis, , 1980 . However, very few of these cyclic plasticity models have been developed to study the plastic behavior of PMMCs under multiaxial loading conditions. Ogarevic (1992) formulated a composite constitutive model based on the Li and Chen's model, the incremental theory of plasticity, and a linear kinematic hardening rule to study the uniaxial monotonic and cyclic deformation of discontinuously reinforced metal matrix composites both at room and elevated temperatures. However, the model only offers reasonable description of the hardening properties of the material when the load is monotonically applied where there is no unloading. As noted in Drucker and Palgen (1981) , material behavior is more complex under cyclic loading than motononic loading. Lease (1994) and Lease et al. (1995) used Li and Chen model (1990) with Chaboche et al.'s (1979) incremental plasticity theory to simulate the constitutive behavior of the composite system. The model was demonstrated both analytically and experimentally for cyclic axial and biaxial straincontrolled proportional loading. Although the axial and torsional elastic-plastic strain and stress seemed to accurately simulate the monotonic tests, the elastic loading/unloading portions of the cyclic uniaxial and biaxial tests show some obvious differences that increase with increasing strain range (Lease, 1994) . Owolabi and Singh (2003) presented the fundamental relations for two elastic-plastic constitutive models that can be used to describe the inelastic behavior of PMMCs under multiaxial cyclic loading. Specifically, Mró z (1967) multisurface model and the endochronic theory of plasticity developed (Valanis, 1980) were used in conjunction with the incremental mean field theory to model the constitutive behavior of PMMCs under multiaxial cyclic loading. The results obtained were compared with limited experimental results for biaxial proportional loading in Lease (1994) .
For homogeneous materials, the Mró z model is used by many researchers in plasticity due to some desirable characteristics. The application of the translation rule to the movement of the yield surfaces offers high flexibility in describing the behavior of the material (Khoei and Jamali, 2005) . The model also has the ability to describe the nonlinear hardening functions in a conceptually simple manner and maintain the Massing extended behavior (Montans, 2000; Khoei and Jamali, 2005) . Hunsaker et al. (1976) and Lamba and Sidebottom (1978a,b) have shown that the Mróz model can adequately model the constitutive response of homogeneous components subjected to non-proportional loading based on comparison of experimental and numerical results for some plasticity models. Some numerical algorithms have been developed to implement the multisurface plasticity model for homogeneous materials. In Montans (2000) , two implicit algorithms for multi-surface plasticity were developed. The algorithms were based on the radial return of classical plasticity and yielded unconditional stability. Khoei and Jamali (2005) applied fully implicit scheme with radial mapping method in the numerical implementation of the multi-surface plasticity model originally developed in Montans (2000) . The authors demonstrated the efficiency of the model and computational algorithm by presenting several numerical examples.
The main objective of this paper is to provide additional relations and numerical algorithm (pseudo-codes) necessary for the implementation of the Mró z-based PMMCs constitutive model developed by the authors and to demonstrate its capability for a stress-controlled (proportional and non-proportional) simulations. The paper highlights the complexity of the numerical implementation of the Mró z-multi-surface model for heterogeneous materials; a condition that is different from where the model is normally applied. Section 2 gives the summary of the constitutive relations. Sections 3 and 4 present the additional relations and the implementation procedure respectively. Section 5 gives representative numerical results as well as comparison with experimental results. Conclusions are drawn in Section 6.
Existing constitutive relations
The analysis in Owolabi and Singh (2003) is based on small deformations of the composite materials. The reinforcement is assumed to be elastic and the matrix material is elastic-plastic. That is, in a composite system, the matrix follows the elastic stress-strain relation with zero plastic strains until the state of stress in the matrix satisfies the yield conditions. For small deformations, the increments in the components of the total matrix strain tensor, De 
2.1. Summary of elastic relations Owolabi and Singh (2003) and Lease (1994) have shown that the average incremental stress tensors in the matrix and the reinforcements, due to externally applied load tensor, can be obtained using the incremental form of the Mori and Tanaka (1973) mean field theory. A summary of this approach is presented here. Consider an elastic component that is subjected to an increment in external load or displacement tensor. In the absence of reinforcement, the external load would give rise to an increase in the uniform stress field, Dr ij , which can be related to the increment in the strain field, De ij . The average incremental stress in the matrix, Dr ij(m) , differs from the applied incremental stress by a perturbed incremental stress, Dr ijðmÞ , or,
where C ijkl(m) is the matrix stiffness tensor and Dẽ ijðmÞ is the matrix incremental strain disturbance that results from the presence of the particles. The reinforcement average incremental stress, Dr ij(f) , and strain, De ij(f) are also different from that of the matrix. The average incremental stress in the reinforcement is given as
where C ijkl(f) is the reinforcement stiffness tensor, De c kl is a constrained strain set up at all points in the matrix and the reinforcement, and De t kl is a transformation strain which has a finite value in the reinforcements and zero outside them. Although the solution for the constrained strain field in the matrix is quite complex, an approximate relation between the constrained strain, the stress free transformation strain, and the 6 · 6 Eshelby tensor, S, is given by
The incremental strain disturbance in the matrix can be found using Eqs. (3)- (5) and the rule of mixture as
where V m is the matrix volume fraction. and I is an identity matrix. The incremental transformation strain, De t ij , is given in Owolabi and Singh (2003) as De
where,
Substituting Eq. (7) into Eq. (6), and the resulting equation into Eq. (3), yields the average incremental stress in the matrix as
where V f is the volume fraction of reinforcement. 
The mean incremental stress tensor in the reinforcement, Dr ij(f) , is obtained from Eqs. (4), (5) and (7) as
The incremental elastic strain in the reinforcement can be obtained from the incremental stress using:
The increment in the average strains in the composite can be estimated using an approximate technique proposed by Li and Chen (1990) for a multiphase system. The technique assumes that the work done by an average stress or strain increment in the composite is equal to the weighted sum of the work done by the stress increments of each constituent yielding:
from which De kj can be obtained in terms of other stress and strain increments. This work-based rule of mixture is valid both in the elastic and the elastic-plastic regions.
Summary of cyclic plasticity relations
Once the matrix has yielded, a suitable cyclic plasticity model must be used to obtain the matrix strains. In Owolabi and Singh (2003) , using the Mró z model as its basis, a constitutive model is presented that describes the increments in the matrix plastic strain. For a plastically deforming material, Mró z (1967) describes a field of ''''' initially concentric work hardening surfaces (see Fig. 1 ) and prescribes a translation rule for the surfaces moving with respect to one another. The model assumes that each surface can be described by the same relationship as the yield criterion. Using the von-Mises yield criterion (for computational simplicity) on the matrix (m) gives: where S ij(m) and n ' ijðmÞ represent the deviatoric components of the current matrix stress tensor, r ij(m) , and the backstress tensor, a ' ij , respectively. F ' is the yield function. The material yield stress is denoted as r ' o . For each surface, the increment in the plastic strain tensor is related to the increment in the stress by the associated flow rule given as
where k, a scalar factor of proportionality, governs the magnitude of the plastic flow. Eq. (15) is a statement of the normality of the plastic strain increment vector to the yield function. k can be evaluated from the consistency condition resulting in the more general form of Eq. (15) given as
where K p is the hardening modulus that can be obtained from the matrix uniaxial stress-strain curve.
Additional relations
In this section, further governing equations that are essential in the implementation of the model for stresscontrolled simulation of the behavior of a two-phase material are presented. During plastic straining, the stress lies on the yield surface. Subsequent straining may be due to elastic-plastic loading or elastic unloading with the possibility of elastic-plastic loading. The actual occurrence is determined by the loading/unloading criterion given by: LP ¼ ðS ijðmÞ À n ijðmÞ ÞDr ijðmÞ > 0 Elastic-plastic loading;
6 0 Elastic unloading;
Mró z-based model: elastic unloading
If the external load results in elastic unloading, as dictated by Eq. (17), the stress point moves within the innermost material yield surface. The unloading constitutive response of the matrix is then represented by the incremental mean field theory (Eqs. (9) and (10)). Additionally if the elastic unloading criterion is satisfied in Eq. (17), it is important to find out whether or not the matrix will further experience an elastic-plastic deformation during this load increment. A procedure for determining this is illustrated in Fig. 2. In Fig. 2 , the initially calculated matrix stress state lies on the inner yield surface, if the unloading occurs during this increment, the stress path has to follow the elastic analysis. Hence, during the elastic unloading, the matrix stress increment could be obtained using Eq. (9). If the matrix stress increment (DS ij(m) ) intersects the yield surface at S 0 ijðmÞ , then this new stress could be found by using the equation: where k is the parameter (greater than zero) that represents where and if the loading path intersects the yield surface. To determine parameter k, it is required that the new matrix stress state, S 
If a fraction of the stress increment is found to result in elastic-plastic loading, then the corresponding strain increment must be found using the procedure below for elastic-plastic loading.
Mró z-based model: elastic-plastic loading
If in accordance with Eq. (17) or (20) elastic-plastic unloading has occurred, the matrix plastic strain increment can be found using Eq. (16). However, in doing so, the active surface (i.e. surface on which the stress state is located during elastic-plastic loading at higher stress levels) and the location of each surface in stress space must be determined. The initial surface in stress space is the surface associated with material yielding in tension, and the outer surfaces become active at higher stress levels. Accordingly, initially the center coordinate of each yield surface is zero. For matrix plastic straining, after obtaining the increment in the matrix stress tensor, it is essential to update the yield surface configuration using the Mró z translation rule. Mró z (1967) prescribes a translation rule for surfaces moving with respect to each other over distances given by the stress increments. Mróz based the translation of the surface on the concept of mutual tangency. That is, Mró z assumed that upon elastic-plastic loading, the surfaces move within each other and they do not intersect. If, however, they come in contact or become mutually tangent, they move together as a rigid body. The active surface is then determined by the largest surface tangent to the active yield surface. The translation rule for the active surface n, (1 6 n 6 '), is given in Mró z (1967) as 
where dl is a scalar parameter, of the active surface translation, that can be determined using the consistency condition and the term ðS 
where r nþ1 oðmÞ and r n oðmÞ are the yield stresses of surfaces (n + 1) and (n) respectively. All inner surfaces remain tangent at the loading point during the elastic-plastic loading and thus the center of the inner surfaces can be obtained from: 
Before applying the translation rule, it is essential to determine the surface that is active after the increment in the matrix stress tensor has been applied. In other words, if surface F n is the active surface before the matrix stress increment, it is essential to determine whether the new matrix stress state remains on surface F n or if it lies on the outer surface, F n+1 . This can be achieved by finding the fraction, j, of the matrix stress increment that results in a stress state that lies on the outer surface F n+1 . This fraction of the matrix stress, Dr ij(m) , is determined such that the new matrix stress, r ij(m) + jDr ij(m) , lies on the outer yield surface. This is obtained by substituting the matrix deviatoric stress tensor, S ij(m) + jDS ij(m) , into Eq. (14), using the outer surface yield stress, giving: 
The correct value of j is the positive root of Eq. (25), greater than zero, and it determines the active matrix yield surface as j 6 1 the new active surface is F nþ1 > 1 F n remains the active surface
The matrix plastic strain tensor can be obtained from the given incremental composite stress tensor using the properties associated with the active surface in the flow rule (i.e. Eq. (16)). If the value of j is less than unity, then the matrix updated stress state, r ij(m) + jDr ij(m) , lies on the surface F n+1 . The increment in the composite stress tensor that brought the matrix stress state to this new yield surface has to be divided into two increments. Specifically, the first increment is required to bring the new matrix elastic-plastic strain and stress state to the new yield surface, and the second is required for subsequent straining of the new surface. To obtain the fraction of the increment in the composite stress tensor that brought the elastic-plastic strain and stress increment of the matrix to the new surface, the work relation in Eq. (13) is used without the subscripts to indicate a single equation rather than individual components of the equations. In this equation, the increment in the matrix stress tensor is known. It is the matrix stress increment tensor given by, jDr ij(m) , and the matrix strain increment tensor can be obtained from the stress tensor using Eq. (10) on the active surface F n . The corresponding increment in composite and reinforcement stress tensors can be obtained by finding the fraction, j a of the increment in composite tensor, Dr ij , (i.e. j a Dr ij ) that satisfies Eq. (13). The composite strain increment can be obtained from this portion of the composite stress increment using the relation:
For the portion of the composite increment stress tensor, i.e. j a Dr ij , the increment in the reinforcement stress tensor is obtained from Eq. (11), and the increment in the reinforcement strain tensor is subsequently obtained using Eq. (12). Substituting these increments in the reinforcement and matrix stress and strain tensors into Eq. (13), and combining the resulting equation with Eq. (27) yields:
Eq. (28) yields two values of, j a , the correct value is the one between zero and unity. Consequently, j a Dr ij , produces the matrix elastic-plastic strain-stress state that lies on the active surface F n+1 . The remaining portion, i.e. (1 À j a )Dr ij produces the elastic-plastic strain-stress state that moves with the surface F n+1
. Note that the value of j in Eq. (28) is obtained in Eq. (25).
Implementation procedure
The numerical implementation procedure for evaluating the Mró z-based PMMCs constitutive model, assuming a stress-based formulation (i.e. for calculating strains from a given stress history), is illustrated in the pseudo-code shown in Fig. 3a . A vital part of the model is the plasticity routine for the matrix elasticplastic loading. The pseudo-code for the plasticity process is illustrated in Fig. 3b . The model calculates the elastic and the elastic-plastic composite strain history using the known stress history. The inputs to the model Δσ , using Eqs. (9) and (10) 1. Compute ij Δε using Eqs. (13).
Update ij σ and ij ε End While are the matrix and reinforcement volume fractions and material properties, the hardening moduli and yield stresses of the matrix yield surfaces, and the known stress history. The hardening moduli and yield stresses (corresponding to the equivalent stresses) of the Mró z model surfaces, illustrated in Fig. 1 , can be obtained by discretizing the homogenous matrix uniaxial stress-strain curve.
Numerical results
To illustrate the numerical simulations, some numerical results were obtained and compared with experimental results for PMMCs. Specifically, stress-controlled loads were applied to tubular PMMC specimens, machined from round bars as shown in Fig. 4 . The PMMC materials used are general purpose Duralcan composite materials consisting of 6061 aluminum alloy, reinforced with alumina (Al 2 O 3 ) and carry an Aluminum Association of America designation of 6061/Al 2 O 3 /xxp-T6. The material properties of the composite and its constituents are shown in Table 1 .
The model was initially run to predict the uniaxial (axial and torsional) stress-strain curves of four different volume fractions of reinforcement. Since a quantitative relation between the number of surfaces, load increments, and the predicted results is difficult to formulate, the scheme was run for different combinations of yield surfaces and load increments until optimal and stable convergent results for the load steps were obtained. The values of the hardening moduli and yield stresses for ten selected surfaces of the matrix uniaxial curve are shown in Table 2 . Figs. 5 and 6 show the predicted response of the PMMCs under axial (P) and torsional (T) monotonic loadings respectively for the four different volume fractions of reinforcement. The figures show that the model predicts a uniform increase in stiffness and strength of the composite system with increasing volume fractions of reinforcement.
Figs. 7 and 8 show respectively the composite axial and torsional stress-strain responses predicted by the model and the experimental results for a tubular specimen, 20% volume fraction of reinforcement, subjected to monotonic axial and torsional loads. From the figures, the elastic results obtained are similar to the experimental results, thus, the elastic relations (Eqs. (9)- (12)) work very well in describing the elastic constitutive behavior of PMMCs. At higher load levels, differences are observed between the numerical and the experimental results with the Mró z-based PMMCs constitutive model overestimating the elastic-plastic response of the composite system. The results for the constitutive model are also compared to the experimental results obtained from tests conducted on the tubular specimens with 10% and 20% volume fractions of reinforcement, using combined tension-torsion stress-controlled load paths in Figs. 9a and 10a . In Fig. 10a , the loading sequence is indicated by numbers and arrows (note that the loading sequence starts and ends at 0). Figs. 9b and 10b show the experimental and the numerical results obtained. It should be mentioned that although the model calculates all of the components of the stress and strain tensors, for the purpose of comparison to the experimentally determined strains, obtained using 3-D image correlation technology (detailed in GOM, 2003) , only the major strains are compared. Fig. 9b shows the predicted and experimental results for cyclically stable combined axial/torsional proportional loading of the tubular specimens. The agreement between the predicted and experimental results is reasonable. The results of this proportional loading path also show the ability of the model to predict the elastic-plastic hysterisis loops associated with cyclic loading. Most of the characteristics exhibited by the experimental result are reflected quite well by the numerical results. Fig. 10b shows the predicted and experimental strain responses of the tubular specimens for the variable amplitude loading paths shown in Fig. 10a . The model gives reasonable qualitative estimations of the measured strains. That is, the model predicted regions of elastic unloading at each corner of the loading path, followed by regions of elastic-plastic behavior to the next corner indicating a coupling between the axial and shear strains. However, the major disagreement that can be classified as quantitative is the difference in strain levels prescribed at high plastic strains. The difference between the predicted and experimental results could have been influenced by the number of surfaces and load increments used in the multi-surface model as well as the progressive matrix local yielding. Generally the greater the number of surfaces used, the better the plastic modulus function. However, this may change the direction of translation of the yield surfaces, and thus affect the predicted results. Also, the model can theoretically be used with large increments, nonetheless, as with other cyclic plasticity models, care must be taken in the specification of the input load increments as inappropriate specification may lead to surface intersection. During the numerical implementation of the model, the surface intersection problem was circumvented by systematically refining the load increments. The deviations observed may also be due to the inability of the model to incorporate the highly heterogeneous local plastic deformation fields in the ductile matrix. However, calculating the local strains and stresses in a heterogeneous material with random microstructure is practically intractable. Consequently, the plastic strain distribution is assumed to be quasi-homogeneous over the entire matrix, thus, enabling the current elastic-plastic analysis.
Conclusions
This paper is the first attempt to incorporate the well-known Mróz cyclic plasticity routine into an incremental version of the homogenization theory in order to determine the nonlinear behavior of a two-phase composite system. The parameters of the model can be obtained from the material properties, the matrix uniaxial stress-strain curve, and the stress history for a stress-controlled simulation. The capability of the procedure was demonstrated by presenting some numerical and experimental results for particulate metal matrix composites. The simulation results reported in this paper indicate that the model is able to provide reasonable stress-strain response of the experimental observations for a given cyclic proportional or non-proportional loading. Although any plasticity model that incorporates path dependent material behavior can be used, the Mróz model is used in this work since it allows the multiaxial description of nonlinear hardening function in a conceptually simple way. It also provides a simple to implement explicit numerical algorithm valid for stress-controlled simulations.
